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Abstract
We derive a new matrix representation for higher-order Daehee numbers and
polynomials, higher-order λ-Daehee numbers and polynomials, and twisted
λ-Daehee numbers and polynomials of order k. This helps us to obtain simple and
short proofs of many previous results on higher-order Daehee numbers and
polynomials. Moreover, we obtain recurrence relations, explicit formulas, and some
new results for these numbers and polynomials. Furthermore, we investigate the
relation between these numbers and polynomials and Stirling, Nörlund, and Bernoulli
numbers of higher-order. Some numerical results and program are introduced using
Mathcad for generating higher-order Daehee numbers and polynomials. The results
of this article generalize the results derived very recently by El-Desouky and Mustafa
(Appl. Math. Sci. 9(73):3593-3610, 2015).
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where s(n, ) = δn,, s(n,k) =  for k > n, and δn,k is the Kronecker delta.










2 Higher-order Daehee numbers and polynomials
In this section, we derive explicit formulas and recurrence relations for the higher-order
Daehee numbers and polynomials of the ﬁrst and second kinds. Also, we give a relation
between these numbers andNörlundnumbers. Furthermore,we introduce thematrix rep-
resentation of some results for higher-order Daehee numbers and polynomials obtained
by Kim et al. [] in terms of Stirling numbers, Nörlund numbers, and Bernoulli numbers
of higher order and give simple and short proofs of these results.












An explicit formula for D(k)n is given by the following theorem.





ll · · · lk . ()
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ll · · · lk t
n+k .
Equating the coeﬃcients of tn+k on both sides yields (). This completes the proof. 
Remark  It is worth noting that setting k =  in (), we get Eq. (.) of [] as a particular
case.





We can represent the Daehee numbers of the ﬁrst kind of order k by an (n + ) × (k + )













 · · · D(k)
...
...
... . . .
...
D()n D()n D()n · · · D(k)n
⎞
⎟⎟⎟⎟⎠ .
The following theorem gives a recurrence relation for Daehee numbers of the ﬁrst kind of
order k.
Theorem  For n ∈ Z and k ∈N, we have
D(k)n+ =

n + k + 
[
kD(k–)n+ – (n + )(n + k)D(k)n
]
, ()
where D(k) = , D
()
n =  for n≥ , k = , , . . . ,n.
Proof The recurrence relation for the Stirling numbers of the ﬁrst kind is given by
s(n + ,k) = s(n,k – ) – ns(n,k).
Replacing n by n + k, we get
s(n + k + ,k) = s(n + k,k – ) – (n + k)s(n + k,k).
By using relation () we have













(n + k + )D(k)n+ = kD
(k–)
n+ – (n + k)(n + )D(k)n .
This completes the proof. 
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AMathcad program is written and executed to generate the higher-order Daehee num-
bers using the recurrence relation (); see the Appendix.




   
 –/ – –/
 / / /
 –/ – –/
⎞
⎟⎟⎟⎠ .





Remark  We can write this relation in the matrix form as follows:
B(k) = SD(k), ()
whereD(k) is an (n+)× (k+) matrix (≤ k ≤ n) for the Daehee numbers of the ﬁrst kind
of order k, and S is an (n+ )× (n+ ) lower triangular matrix for the Stirling numbers of
the second kind, and B(k) is an (n+)× (k +) matrix for the Bernoulli numbers of order k.
For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝
   
   
   





   
 –/ – –/
 / / /





   
 –/ – –/
 / / 
  –/ –/
⎞
⎟⎟⎟⎠ .





We can write this relation in the matrix form as follows:
D(k) = SB(k), ()
where S is an (n+ )× (n+ ) lower triangular matrix for the Stirling numbers of the ﬁrst
kind.
For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝
   
   
 –  





   
 –/ – –/
 / / 





   
 –/ – –/
 / / /
 –/ – –/
⎞
⎟⎟⎟⎠ .
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Remark  Using thematrix form (), we easily derive a short proof of Theorem  in Kim
et al. []. Multiplying both sides by the Stirling number of second kind, we get
SD(k) = SSB(k) = IB(k) = B(k),
where I is the identity matrix of order (n + ).











( + t)x. ()








Next, we give a relation between the Daehee polynomials of order k and the Nörlund
numbers of the second kind b(x)n in the following theorem.












( + t)z =
∞∑
n=






















































From () and () we have (). This completes the proof. 
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Setting z =  in (), we have the following relation between Daehee numbers of higher
order and Nörlund numbers of the second kind.
Corollary  For k ∈N, by setting z =  in () we obtain
D(k)m =m!b(–k)m . ()
The following relation between Bernoulli numbers and Bernoulli polynomials of order








Therefore, we can represent () in the matrix form
B(k)(x) = P(x)B(k), ()













 (x) · · · B(k) (x)
...
...
... . . .
...
B()n (x) B()n (x) B()n (x) · · · B(k)n (x)
⎞
⎟⎟⎟⎟⎠ ,
where the column k represents the Bernoulli polynomials of order k, B(k) is an (n + ) ×
(k +) matrix (≤ k ≤ n) for Bernoulli numbers of order k, and thematrix P(x), the Pascal







i, j = , , . . . ,n.
For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝
   
x   
x x  





   
 –/ – –/
 / / 






   
x x –  x –  x –


x x – x +  x – x +

 x – x + 
x x – x +

















El-Desouky and Mustafa Advances in Diﬀerence Equations  (2016) 2016:32 Page 7 of 21
We can write this relation in the matrix form as follows:
D(k)(x) = SB(k)(x), ()
where D(k)(x) is the (n + ) × (k + ) matrix for the Daehee polynomials of the ﬁrst kind
with order k, and B(k)(x) is the (n + ) × (k + ) matrix for the Bernoulli polynomials of
order k.
For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝
   
   
 –  






   
x x –  x –  x –


x x – x +  x – x +

 x – x + 
x x – x +















   
x x –  x –  x –


x – x x – x +  x – x +

 x – x +






 x – x +

 x –  x –











We can write Eq. () in the matrix form as follows:
B(k)(x) = SD(k)(x). ()
For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝
   
   
   






   
x x –  x –  x –


x – x x – x +  x – x +

 x – x +






 x – x +

 x –  x –









   
x x –  x –  x –


x x – x +  x – x +

 x – x + 
x x – x +

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Remark  We can prove Theorem  in Kim et al. [] by using the matrix form () as
follows. Multiplying both sides of () by the Stirling number of second kind, we have
SD(k)(x) = SSB(k)(x) = IB(k)(x) = B(k)(x).





























= (–)n–ls(n, l) = |s(n,k)| = s(n,k), and s(n,k) are the signless Stirling numbers
of the ﬁrst kind; see [] and [, ].
We can write this theorem in the matrix form as follows:
Dˆ(k) =SB(k), ()
where Dˆ(k) is the (n + ) × (k + ) matrix of Daehee numbers of the second kind of order
k, and S is the (n + )× (n + ) lower triangular matrix for the signless Stirling numbers
of the ﬁrst kind.
For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝
   
   
   





   
 –/ – –/
 / / 





   
 –/ – –/
 –/ –/ /
 –/  /
⎞
⎟⎟⎟⎠ .









We can write Eq. () in the matrix form as follows:
B(k) = S˜Dˆ(k), ()
where S˜ is the (n + )× (n + ) lower triangular matrix for signed Stirling numbers of the
second kind deﬁned by
(S˜)ij =
{
(–)i–js(i, j), i≥ j,
 otherwise,
i, j = , , . . . ,n.
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For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝
   
   
 –  





   
 –/ – –/
 –/ –/ /





   
 –/ – –/
 / / 
  –/ –/
⎞
⎟⎟⎟⎠ .
Remark  We can prove Theorem  in Kim et al. [] by using the matrix form () as
follows. Multiplying both sides of () by the matrix of sign Stirling numbers of second
kind S˜, we have
S˜Dˆ(k) = S˜SB(k) = IB(k) = B(k),
which gives Eq. (), where we used the identity S˜S = I.
Kim et al. [] deﬁned the Daehee polynomials of the second kind of order k by the gen-










( ( – t) log( – t)
–t
)k
( – t)x. ()


















We can write Eq. () in the matrix form as follows:
Dˆ(k)(x) =SB(k)(–x), ()
where Dˆ(k)(x) is the (n + )× (k + ) matrix of the Daehee polynomials of the second kind
of order k, and B(k)(x) is the (n + )× (k + ) matrix of the Bernoulli polynomials.
For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝
   
   
   





   
–x –x –  –x –  –x –


x x + x +  x + x +

 x + x + 
–x –x – x –















   
–x –x –  –x –  –x –


x – x x –  x + x –

 x + x +








 – x x –
x
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We can write Eq. () in the matrix form as follows:
B(k)(–x) = S˜Dˆ(k)(x). ()
For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝
   
   
 –  





   
–x –x –  –x –  –x –


x – x x –  x + x –

 x + x +








 – x x –
x








   
–x –x –  –x –  –x –


x x + x +  x + x +

 x + x + 
–x –x – x –
x











Remark  We can prove Eq. () ([], Theorem ), directly by using thematrix form ()
as follows. Multiplying both sides of () by S˜, we get
S˜Dˆ(k)(x) = S˜SB(k)(–x) = IB(k)(–x) = B(k)(–x),
and, thus, we have Eq. ().
3 The λ-Daehee numbers and polynomials of higher order
In this section we introduce the matrix representation for the λ-Daehee numbers and
polynomials of higher order given by Kim et al. []. Hence, we can derive these results in
matrix representation and prove these results simply by using the given matrix forms.
The λ-Daehee polynomials of the ﬁrst kind of order k can be deﬁned by the generating
function
(
λ log( + t)
( + t)λ – 
)k






When x = , D(k)n,λ =D
(k)
n,λ() are called the λ-Daehee numbers of order k:
(
λ log( + t)








It is easy to see that D(k)n (x) =D(k)n,(x) and Dn,λ(x) =D
()
n,λ(x).



















We can write these results in the following matrix forms:










= SD(k)λ (x), ()
where, D(k)λ (x) is the (n+ )× (k + ) matrix for the λ-Daehee polynomials of the ﬁrst kind
of order k, B(k)(x/λ) is the (n + ) × (k + ) matrix for the Bernoulli polynomials of order
k with x → x/λ, and  is the (n + ) × (n + ) diagonal matrix with elements ()ii = λi,
i = j = , , . . . ,n.
For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝
   
   
 –  





   
 λ  
  λ 






























































   
x x – λ x – λ x –
λ

x(x – ) λ – λx +
λ
 + x – x
λ
 – λx + λ + x – x λ – λx +
λ















 (λ – x + )
(





(λ – x + )
(





(λ – x + )
(
λ – λx + λ + x – x
)
.
Remark  In fact, we can prove Eq. () by simply bymultiplying Eq. () by S as follows:













The following theorem gives a relation between the Daehee polynomials of higher order
and λ-Daehee polynomials of higher order.
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Proof From (), replacing ( + t) by ( + t)λ, we have
(
λ log( + t)
( + t)λ – 
)k




(( + t)λ – )n
n! .














































































Equating the coeﬃcients of tm on both sides yields (). This completes the proof. 
Setting x =  in (), we have the following corollary as a particular case.





















Kim et al. [] deﬁned the λ-Daehee polynomials of the second kind of order k as follows:
(
λ log( + t)
( + t)λ – 
)k
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Also, Kim et al. ([], Eq. ()) introduced the following result:
B(k)n (k – x) = (–)nB(k)n (x). ()
Remark  We can write () and (), respectively, in the following matrix forms:












= SDˆ(k)λ (x), ()
where Dˆλ(x) is the (n+)× (n+) matrix for the λ-Daehee polynomials of the second kind
of order k, and  is the (n + )× (n + ) diagonal matrix with elements ()ii = (–λ)i for
i = j = , , . . . ,n.
For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝
   
   
 –  





   
 –λ  
  λ 



























 + λx + x) 














   
x λ + x λ + x
λ
 + x
x(x – ) λ + λx –
λ
 + x – x
λ
 + λx – λ + x – x λ + λx –
λ















 (λ + x – )
(





 (λ + x – )
(





 (λ + x – )
(
λ + λx – λ + x – x
)
.
Remark  We can prove Eq. () easily by using the matrix form, multiplying Eq. () by
S as follows:
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4 The twisted λ-Daehee numbers and polynomials of higher order
Kim et al. [] deﬁned the twisted λ-Daehee polynomials of the ﬁrst kind of order k by the
generating function
(
λ log( + ξ t)
( + ξ t)λ – 
)k






In the special case x = , D(k)n,ξ ,λ =D
(k)
n,ξ (|λ) are called the twisted λ-Daehee numbers of the
ﬁrst kind of order k:
(
λ log( + ξ t)



















The relation between the twisted λ-Daehee polynomials and λ-Daehee polynomials of
order k is given in the following corollary.
Corollary  For n≥  and k ∈N, we have
D(k)n,ξ (x|λ) = ξnD(k)n,λ(x). ()
Proof Replacing t with ξ t in (), we have
(
λ log( + ξ t)
( + ξ t)λ – 
)k











Hence, by virtue of () and () we get (). This completes the proof. 
If we put x =  and λ =  in (), then we have, respectively,




n,ξ (x) = ξnD(k)n (x).
Kim et al. ([], Theorem ) proved the following relation: form ∈ Z and k ∈N,









































where D(k)ξ (x|λ) is the (n + )× (k + ) matrix for the twisted Daehee numbers of the ﬁrst
kind of order k, and  is the (n + )× (n + ) diagonal matrix with elements ()ii = ξ i for
i = j = , , . . . ,n.
For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝
   
 ξ  
  ξ  





   
   
 –  





   
 λ  
  λ 






























































   
ξx – ξ (λ – x) –ξ (λ – x) –
ξ
 (ξ – x)
ξ x(x – ) ξ ( λ – λx +
λ
 + x – x) ξ (

λ
 – λx + λ + x – x) ξ (λ – λx + λ + x – x)




D(),ξ (x|λ) = ξ x(x – )(x – ), D(),ξ (x|λ) = –
ξ 
 (λ – x + )
(
λ – x + x – λx
)
,
D(),ξ (x|λ) = –
ξ 
 (λ – x + )
(
λ – λx + λ + x – x
)
,
D(),ξ (x|λ) = –
ξ 
 (λ – x + )
(
λ – λx + λ + x – x
)
.
Remark  In fact, it seems that the statement in () is not correct (the second equation










then multiplying both sides by S, we have









From () and () it is clear that there is a contradiction.
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In the following theorem we obtained a corrected relation.









Proof From Eq. (), replacing t by (et – )/ξ , we have
(
λ log( + ξ (et–)
ξ
)





























































Equating the coeﬃcients of tm on both sides gives (). This completes the proof. 






For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝












   
   
   


















   
ξx – ξ (λ – x) –ξ (λ – x) –
ξ
 (ξ – x)
ξ x(x – ) ξ ( λ – λx +
λ
 + x – x) ξ (

λ
 – λx + λ + x – x) ξ (λ – λx + λ + x – x)
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where
D(),ξ (x|λ) = ξ x(x – )(x – ), D(),ξ (x|λ) = –
ξ 
 (λ – x + )
(
λ – x + x – λx
)
,
D(),ξ (x|λ) = –
ξ 
 (λ – x + )
(
λ – λx + λ + x – x
)
,
D(),ξ (x|λ) = –
ξ 
 (λ – x + )
(
λ – λx + λ + x – x
)
.
Kim et al. [] introduced the twisted λ-Daehee polynomials of the second kind of order
k as follows:
(
λ log( + ξ t)( + ξ t)λ
( + ξ t)λ – 
)k






Setting x = , Dˆ(k)n,ξ ,λ = Dˆ
(k)
n,ξ (|λ), we have the twisted Daehee numbers of second kind of
order k:
(
λ log( + ξ t)( + ξ t)λ



































where Dˆ(k)ξ (x|λ) is the (n+)× (k+) matrix for the twisted Daehee numbers of the second
kind of order k.
For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝
   
 ξ  
  ξ  





   
   
 –  





   
 –λ  
  λ 































































   
ξx ξ (λ + x) ξ (λ + x)
ξ
 (ξ + x)
ξ x(x – ) ξ ( λ + λx –
λ
 + x – x) ξ (

λ
 + λx – λ + x – x) ξ (λ + λx – λ + x – x)




Dˆ(),ξ (x|λ) = ξ x(x – )(x – ),
Dˆ(),ξ (x|λ) = –
ξ 
 (λ + x – )
(





 (λ + x – )
(





 (λ + x – )
(
λ + λx – λ + x – x
)
.












and multiplying both sides by S, we have
















From () and () we have a contradiction.
Remark  In fact, it clear that () is not correct (the second equation of Kim et al. [],
Theorem ).
We give the correction of () in the following theorem.










Proof From Eq. (), replacing t by (et – )/ξ , we have
(
λ log( + ξ (et–)
ξ
)( + ξ (et–)
ξ
)λ
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Equating the coeﬃcients of tm on both sides gives (). This completes the proof. 






=– S–Dˆ(k)ξ (x|λ), ()
where B(k)(k + x
λ
) =B(k)(– xλ ).
For example, setting ≤ n≤  and ≤ k ≤ n in (), we have
⎛
⎜⎜⎜⎝












   
   
   


















   
ξx ξ (λ + x) ξ (λ + x)
ξ
 (ξ + x)
ξ x(x – ) ξ ( λ + λx –
λ
 + x – x) ξ (

λ
 + λx – λ + x – x) ξ (λ + λx – λ + x – x)




























































Dˆ(),ξ (x|λ) = ξ x(x – )(x – ),
Dˆ(),ξ (x|λ) = –
ξ 
 (λ + x – )
(





 (λ + x – )
(





 (λ + x – )
(
λ + λx – λ + x – x
)
.
For more details and very recent results on these numbers, see [].
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5 Conclusions
We derived generalization of higher-order Daehee numbers and polynomials. Moreover,
new matrix representations for these numbers and polynomials are obtained. This en-
abled us to obtain simple and short proofs of many previous results on higher-order
Daehee numbers and polynomials. Furthermore, we investigated the relations between
these numbers and polynomials and Stirling numbers, Nörlund numbers, and Bernoulli
numbers of higher-order. Finally, some numerical results are given.
Appendix
Mathcad program for higher-order Daehee numbers using the recurrence relation ():
D(n,k) := D, ← 
for i ∈  · · ·n
Di, ← 
for j ∈  · · · k
D,j ← 
for i ∈  · · ·n – 
for j ∈  · · ·k
Di+,j+ ← ( i+j+ ) · [j ·Di+,j– – (i + ) · (i + j) ·Di,j]
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